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of motivic spaces



#Instablep-completion of motivic spaces

Introduction

Xespm Xp LimXpr"pradic completion"

Can reconstruct X :

%
o

motiblfe
x-> TX "arithmetic Fracture

P

I ↓ square"

⑭
X

- X
. on

&

~ Lots offools to study Xp, e.g.
Adams Specseq

Similarly XeAn us XP EAnmi

↳ Arithmetic Fracture square

↳ Unstable Adams Spec Sey

&: Is there an analog for other homotopy theories

ley. in 0-topoi
,

in motivichomotopy theory)?



&stable p-completion
D stable & presentable co-category
·galatedolimit

#1)f : X- Y in D
-

is a prequivalence 3 : Es & Epix Fo
ce

2) zeC] is Map (, z) ~Map (X, z) is

p-complete 3 :<& an equivalence for all

fix->Y p-equivalence

3) DO =D full subcategory of p-complete
·bjects

Lemma 1) The inclusion Dp[C] has a left adjoint

H : D-> Sp
"Bousfield localization at the class of

p-equivalences"
H2) (p Lim Xph



Lemma (Bousfield - Kan) For D= Sp, XeSp, ne]

there is a short exact sequence

O-> 10t(X) -> M(X)- ↳
,+x(x) -> O

· ·

I->SpTest Ofi 0
,
1

Cor Xe Sp, X n-connective => Xp 4-connective

& Is this true for general D ?

Setting DequippedWI a t-structure (D20
,
P10)

,

write Co : = DonDo "standard heart ofD

Thi D-> DP "homotopy objects"
X > [ "Tan Ton

A : No! Eg. if XeDo then Xp-lim Xph D
,

( there are examples of a $
, XePro wh

XDankne1)



Solution :

Def Do := 5 X D) XXp EDx0b

D : = EZ =/Mop (X, z) = 0 KXe 3% 3

(D'50
,
D20) is a t-structure

,
the

p-adic t-structure
.

DPP : = Do Do p-adic heart

π : D-> C
*

pradic homotopy
x+ 2"intBnX objects

Hi :D- por derived p-completion
x + +P(Xp);

·
0

in& Compare to LiA = NiAp

thm(M.) a) Hi = 0 Vi # 0
,
1 (not true for (i)

6) For XeD
,
neI there is a ses in DPf

O->HoT(X)-> π(X)->HπmX)O

6) Xe Do = Xe Do
'Bousfield-Kon holds in the p-adic +-structure "



Ruk : For D= Sp, recover Bousfield -Kan :

o
= Spn(Spp SpSp

~ wrong in a general JT
↳

LiHi
,
π(X) π(X)



Mustablep-completion
It o-topos omoreshedres of animal e

-> Sp((t) := Lim( ... Sty stEte)
M

stable & presentable ,
"stabilization of It"

%: Sp(t) :&

Def 1) FiX- Y in St

Bic) 2 of is a prequivalence
is a p-equivalence li

. e. (p equivalence
f

2) z =St is Map (, z)->Map (X, z) is

p-complete 3 :<& an equivalence for all

fix->Y p-equivalence

S3) to : St full subcategory of p-complete
·bjects

Lemma St It has a left adjoint (pt-> <Ey



=How to calculate p-completions
Problem : There is no easy formula "X + Lim Xpn"

So : How can we "calculate" Xp :

Solution : Reduce to Sp()t) .

Lemma : Let A eAb(icobt)
,

n 2 1. Then

(K(A ,np = (2° I HA)
1
-22(HA)p

-

= "((imHXp)

Suppose XeCtx is connectedUn-truncated for somea

There is a fiber sequence r(X)= 0 Uk

k (in (X)
,
n) me X - Eanex

oooh
X simply-connected -> Can rotate

Xm FanstsK(π,
(X)

,
n +1)

A similar result holds more generally for

nilpotent sheaves X. Everything from now on

is also true for milpotent X



Use this fiber sequence
to get

Lemma Xp *
[c Sib) (tzn-, X)p-> Klin(X)

,
n+1) )
m

we know how
to calculate
this

Induction we Can calculate Xp if X is n truncated
for some n.

& What if X not truncated ?

Def It is Postnikov-complete : <> St => Lim [<n't

In this case : X-> limient for all XeSt

Thm (M.) If St Postnikov - complete It some finiteness cond)

then XPE Lim[ for all simply - connected XESty

know how to calculate this

Ex : Condition is satisfied in

An
,
80(2)

,
Shuzar (Sma)

, Shruis (Smp), ...



-Ashort exact sequence for motivic spaces

Def K perfect field, Smy A Smooth k-schemes

1) &E:: Hi-> Ubiel is
:=

· I finite
· fi is tale for itI

a Nisnevich cover
· for xell there is itI

,E y z Ui, fily) = x and

kly
*

(- k(x) vinf;

Example : Spec(D)-> Spec(k) Nis-cover

Spec (D)->Spec(R) etale but not Ninevich

2) Shruis/Sm) O-topos of Nisuerich sheaves

Def 1) XeShunis (Smp) x(U) X(UX)
is a motivic space i=) is an equivalence

100

.

(or A invariant)
3 S

for all Uesm,

2) Spc(k) Shunis (Smp) full
Spee(k[T])

subcategory of motivic spaces

Lemma : There is a left adjoint L : Shruis(mp)-> Spelk)
WARNING SpclK) is not an c-topos & L is not

Left exact
,

If Xespc(K), then X means p-completion in Shunis (Smi



1m(M .) If XeSpilk)+ is simply - connected
,

%
inthen XeSpc(k)x (smi

"p-completion respects #P-invariance of

simply connected sheaves"

If St = An
,
then Bousfield and Kan showed :

Ihm (Bonsfield-Kan) XE Anx simply-connected
For n2t there is a sea in SpPPcSp*

0-> Loth(X)->+n(X)-> La->
A-> O

SI S/

HoTn(X) H
+ Tu-y(X)

Goal Get a similar sequence for motivic spaces

Strategy: Look at

LE
> P(k)- PaIW) = Shizar (Prozur(Smi)-

C ---

is easy here
p-completion

L

- Y+/v
-

Spc(k)- Shunis(Smp)Susan (Smn)t

C
p-completion

is hard here



P(W) Pg(N) = Shizar (Prozur(Smi)

-Explaintop row
spalk) Shreisksma)riTia

wa

schemes-oot overspeck

Lef Prozar (Smp) full subcategory of Schi

consisting of schemes X such that

there is a cofiltered diagram X. : # -Sch
,

wh a) Xie Sm,

b) X = Lim X
.

I

6) Xi-> xj is a disjoint union of

open immersions

&mK Prozar (Smp) is similar to Pro (Smn)
,

w) the difference that Specl) * Prozar (Smi)

if [Nik] = 0

Def 5 : X->Y in Prozar (Smp) f = limf;: limxi

is pro-Zaviski
Size W/ I cofiltered andS Xi-> Y in Prozer (Smi)

a disjoint union of

open embeddings



Ref Shrizar
(Prozar (Smil) category of hypercomplete

prozuriski sheaves

· ensure Si

π
, (t)iπn(X)->πn(i)

covers are [fi : li -U); C is o Fu I
=> f equir*-1 st. Stili is a Sppc-cover "Whitehead's than holds

and fi prozurishi Vi

Im There is a fully faithful geometric morphism

: ShuzalsmpShvozar (Prozor (Smp)) : Va

Im: There is a subcategory WE Surprozar (Prozar((mi))

of "weakly contractible objects" such that

Shuprozur (Prozar(Smil) Pg(W)
SI

FeFuL(Wop,AnyShy(W) = &Episerves Fithe
·

sheaves not the disjoint

&ontopology, i.e. Topology
given by [Ui- UBit

W/ I finite



StepT : A short exact sequence for P(W)

P(W) = Fun (WOP
,
An warShrorozas

e

Everything ((t, tuH, Hi , pB) is calculated

Levelwise

~ Levelwise Bousfield - Kan ses gives

0-> 10th(X) -> π(x) -#
+π4(X)-> O

·se) in Sp1P(W)P9 < Sp(p(w))

-tep 2 : A short exact sequence for Pali

1 : Palm)-> P(W) P(W) Pg(N) E Shizar (Prozur(Smi)

spalk) Shreisksma)ritifewapreserves p
P-complete

equivalences and

objects

- Hp ,
Hi commute v/ us

In particular : Sp(PsIW))P9 < Sp(Pg(k)?,
and for n2]

,
Xe PW)+ simply - connected

get 0->HoTu(X)-> πn(p) -> #
+Mu- (X) -O

in Sp(Ps(W)
P&



Step3 : A short exact sequence for ShrealSmp)
We are in the following situation : warShrooroza s

e

: Shuzar(Smi)Pg(W) : ve

blem : Sp(Shuzur (Sm))" Sp(Shrzur(Smi))
Therefore cannot expect that there is

0-> Hott(X)-- Mn(p) -> #+T4-(X) -> O
- u hom
Ep EM Ept

~ need a replacement for Tn(Xp)
&ef: Xe Shuzar (Smp)

π(X) : = vx (X(p))eSp)Shuzar(Smil)
E Sp(PIND)

Lemma a) XfcY p-equivalence => +(f) iso Enc-2

In particular : π(X)= πP(Xp)

b) X EY morphism of simply connected

sheaves
,
+(f) equivalence for all-

=> f equivalence
"Pradia Whitehead's theorem"



Q : I π(X)e Sp(Shuzar (Smp))
PB ?

In general : no

But this is true if

↳ in ( *X!Xp essim(v*)

o
Guarantees that ifA:= ((

*X(p) has

-pro-Zuriski locally unbounded p-power

torsion
,
then this "appears Zuristi-locally

In technical terms: If He Prozor(Smi)

W/XnEA(U) st
. To = 0

, PXn
= Xn-

then there is already Ve Sup
,

ReA(V) St . Yuly = Xn
, PYn

= Yn-1, Yo =O
,

Using this, we get a short exact sequence

in Sp/Shrzor (Smn)) P
&

0-> Hotty (X)-> iP(Xp)-> 1
++a- (X) -> O

for all simply-connected X w

(H+Ma)(
*X(Xp E essim(ut)



* Is this condition ever satisfied
P(W) Pg(N) E Shizar (Prozur(smi)

1: Yes, by motivic spaces:
Spalk) Shreisksma)riTiawa

Why? UE Sup
,
U connected / generic point n

XtSpc(k) .

malGubber) Let k20: Then

(πn(XXp) (1) <-> (n(X)/pt) (y)"Gersten injectivity"
Sup Le Prozar(Smn)

Using this (+ 2)

In (M) Let XeSpelkly be simply - connected

and 172 .

There is a ses in Sp(Shunis (Smp)P
O -- 10Th(X) ->M(p)->#ine()->O


