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Abstract

For an endofunctor F': C — C on an (co-)category C we define the co-
category Cart(C, F') of generalized Cartier modules as the lax equalizer
of F' and the identity. This generalizes the notion of Cartier modules
on F,-schemes considered in [BB09]. We show that in favorable cases
Cart(C, F) is monadic over C. If A is a Grothendieck abelian category
and F: A — A is an exact and colimit-preserving endofunctor, we use
this fact to construct an equivalence D(Cart(A, F')) ~ Cart(D(A), D(F))
of stable co-categories. We use this equivalence to construct a perverse
t-structure on DY, (Cart(QCoh(X), F.)) for any Noetherian Fj,-scheme X
with finite absolute Frobenius F': X — X.
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1 Introduction

A distinguishing aspect of algebraic geometry over a field of positive character-
istic p > 0 is the existence of the Frobenius endomorphism. A particular point
of interest are modules with an action of the Frobenius.

If X is an Fp-scheme then a (quasi-coherent) Ox-module with a left action
of the absolute Frobenius F': X — X is called a Frobenius module. They are
related via a Riemann-Hilbert-type correspondence to p-torsion étale sheaves,
cf. [EK18, [BL17, [BP09].

There is also a dual notion of Cartier modules (which are related to Frobenius
modules via Grothendieck-Serre duality by a result of Baudin [Bau23, Theorem
4.2.7]) that are (quasi-coherent) Ox-modules with a right action of the Frobe-
nius, or equivalently pairs (M, k) of an Ox-module M and an Ox-linear
morphism kpr: FxM — M. Their category Cart(X) was first considered by
Anderson in [And00] and more thoroughly studied by Blickle and Bdéckle in
[BB09, BB13].

In fact, their definition can be carried out in any (co-)category C with an
endofunctor F': C — C.

Definition A (Definition[2.4). We define the co-category Cart(C, F) of Cartier
modules in C with respect to the functor F' as the pullback

Cart(C, F) LN

Kcl J/(F,idc)
Arr(C) m C X C,

in Catoo, where Arr(C) := Fun(A?,C) is the oo-category of arrows in C and the
functors evg, evy: Fun(A!,C) — C are induced by the inclusions {0} <+ Al and
{1} — Al, respectively.

We recover the definition of [BB09] as Cart(X) := Cart(QCoh(X), F\) where
F, denotes the direct image functor along the absolute Frobenius F on X. In
many parts of the theory, for example for defining cohomological operations for
Cartier modules as in [BB13], it is necessary to look at the derived category of
Cartier modules hD(Cart(X)). Here and in the following D(—) denotes the de-
rived oo-category and hD(—) denotes its homotopy category, i.e. the (ordinary)
triangulated derived category. Note that there is a natural comparison functor

®: hD(Cart(X)) — Cart(hD(X), Fy) .

One would hope that this functor is an equivalence, but unfortunately it is not,
as it fails to be faithful. This makes it hard to define functors into the (ordinary)
derived category of Cartier modules, like for example the twisted inverse image
functor f', which are not induced by corresponding functors on the level of
abelian categories Cart(X) — Cart(Y).



The reason for the described caveat is that when constructing the category
Cart(hD(X), F.) of Cartier modules in the derived category, one has to look at
the category Arr(hD(X)) of ‘homotopy commutative’ arrows in D(X), which
is not equivalent to h Arr(D(X)), the category of ‘homotopy coherent’ arrows
in D(X), cf. [Lurl7b, Section 1.2.6]. However, the situation is much better if
we work directly in the realm of oo-categories: Then it is true that there is an
equivalence D(Arr(A)) ~ Arr(D(A)) for any Grothendieck abelian category A,
cf. for example the answer of Hoyois on mathoverflow [Hoy]. Hence, one expects
that for the derived oco-category one has in fact an equivalence

D(Cart(A, F)) ~ Cart(D(A), D(F)).
The goal of the present paper is to prove this.

Theorem B (Theorem . Let A be a Grothendieck abelian category and
F: A— A an exact and colimit-preserving functor. In particular, F' induces
a functor D(F): D(A) — D(A). Then Cart(A, F) is a Grothendieck abelian
category and there is a canonical functor D(Cart(A, F)) — Cart(D(A), D(F))
which is an equivalence of co-categories. Moreover, both co-categories carry a
natural t-structure and the equivalence is t-exact.

If we apply this with ' = id, we recover the following well-known re-
sult about the derived oo-category of the endomorphism category End(A) of
a Grothendieck abelian category A (cf. [BGT16, Definition 3.5] for the defini-
tion of the endomorphism category of an co-category).

Corollary C (Corollary. There is a canonical equivalence of co-categories
D(End(A)) — End(D(A)).

On the other hand, if we apply Theorem |Blwith A = QCoh(X) and F = Fi
the (exact) Frobenius pushforward functor, then we obtain the result about
classical Cartier modules that was the motivation for this paper.

Corollary D (Corollary. There is a canonical equivalence of co-categories
D(Cart(X)) — Cart(D(X), Fl).

Moreover, for A = QCoh(X) and F = F* with X a regular Noetherian
Fp-scheme, we get a corresponding result about classical Frobenius modules.

Corollary E (Corollaries and [6.3). There is a canonical equivalence of
oo-categories D(Frob(X)) — Cart(D(X), F*).

We will use the present results in upcoming work [MW] where we will con-
struct coherent functor formalismsﬂ of derived Cartier modules in appropriate
geometric settings. This will in particular include a construction of the twisted
inverse image functor f'.

As a main ingredient for the proof of Theorem [B] we prove the following
result which could be of independent interest.

1We chose this name since the authors are currently unaware how many of the six functors
exist but are confident that Cartier modules do not admit a full six functor formalism.



Theorem F (Theorem . Let C be an oo-category that admits countable
coproducts and let F': C — C be an endofunctor that preserves them. Then the
forgetful functor U: Cart(C, F) — C exhibits Cart(C, F') as monadic over C (in
the sense of [Lurl7d, Definition 4.7.3.4]).

Recall that a monadic functor U: C — D abstracts the setting of the for-
getful functor U: Modgr — Set for a ring R. Precisely, a monadic functor is a
conservative functor with a left adjoint (in the case of modules this is given by
the free module functor), such that U commutes with certain colimits. Monadic
functors are related to monads (i.e. monoid objects in an (co-)category of end-
ofunctors with respect to the monoidal structure given by composition) in the

following way: Every adjunction L 4 R gives rise to a monad RL, with multi-
counit unit

plication given by RLo RL = Ro LRo L —— RL, and unit id — RL. In
particular, every monadic functor U gives rise to a monad U L. The Barr-Beck
Theorem (cf. [Lurl7a, Theorem 4.7.3.5] for its formulation for oo-categories)
provides a partial converse to this construction: every monad 7': C — C has a
unique (up to contractible choice) monadic functor U: D — C with left adjoint
L such that T'~ UL.

In the proof of Theorem [B] we first show that both oo-categories in question
are monadic over the base co-category, and then prove that the corresponding
monads agree, thus giving an equivalence of the “module”-categories.

Recall that there is a perverse t-structure on D%, (X) for X a Noetherian
scheme that admits a dualizing complex, cf. [BBD82] [Gab04, [AB21]. Baudin
constructed in [Bau23l Definition 5.2.1] a corresponding perverse t-structure
on coherent Cartier modules. We use Theorem [B| to give a more conceptual
construction.

Theorem G (Theorem . Let X be a Noetherian Fj,-scheme with finite
absolute Frobenius that admits a dualizing complex. The perverse t-structure on
DY, (X) induces a perverse t-structure on D5, (Cart(X)) such that the forgetful
functor is t-exact for these t-structures.

This t-structure coincides with the t-structure of [Bau23, Definition 5.2.1].

Outline

In Section [2| we define quite generally the oo-category LEq(F, G) for functors
F,G: C — D; and its incarnations Cart(C, F) and Frob(C, F). Moreover, we
show that properties of C and D like stability or presentability, together with ap-
propriate conditions on F' and G, imply the same properties for LEq(F, G) (resp.
for Cart(C, F') or Frob(C, F')) and the forgetful functor U: LEq(F,G) — C, cf.
Proposition In particular, we prove the first part of Theorem [B] that states
that Cart(A, F) is a Grothendieck abelian category.

In Section [3} if C and D are stable co-categories with t-structures such that
the functors F,G: C — D are exact and F is right t-exact and G is left t-exact,
we introduce a t-structure on LEq(F, G) that is characterized by the property
that U: LEq(F,G) — C is t-exact, cf. Proposition Moreover, we identify
the heart as LEq(F, GY) in Proposition



In Section [4] we explicitly construct the left adjoint of the forgetful functor
U: Cart(C,F) — C and derive t-exactness results about it, cf. Corollary
Moreover, we show that the existence of a left adjoint of U implies that U
exhibits Cart(C, F) as monadic over C if C is a presentable co-category and F'
preserves colimits, cf. Theorem This is one of the key ingredients for the
proof of Theorem

In Section 5] we state and prove our main theorem, cf. Theorem[5.1} Roughly,
by a consequence of the oco-categorical Barr-Beck Theorem [Lurl7al Theorem
4.7.3.5] it is enough to check the following:

(1) The functor D(U4): D(Cart(A, F)) — D(A) induced by the forgetful
functor U4 on Cart(A, F) exhibits D(Cart(A, F)) as monadic over D(A).

(2) The forgetful functor Up(4y: Cart(D(A), D(F)) — D(A) exhibits the oo-
category Cart(D(A), D(F')) as monadic over D(A).

(3) Denote by D(L4) and Lp(4) the left adjoints of the functors above. Then
the natural map Up(a)Lpa)(M) — D(Ua)D(La)(M) is an equivalence
for each object M of D(A).

The proof of is an application of a more general result about induced func-
tors on derived oo-categories (Corollary once we know that U4 exhibits
Cart(A, F') as monadic over \A. But this, as well as is already shown in
Section |4l The key point in the proof of is a reduction to the case where M
is an object in the heart D(A)¥. To do so, we use the t-exactness properties of
the forgetful functor and its left adjoint that we showed in the previous sections.
In Section [6] we specialize the discussion to the case where A is the category
of quasi-coherent Ox-modules over a Noetherian IFj-scheme X. In particular,
we construct a perverse t-structure on D%, (Cart(QCoh(X), F)).
Furthermore, in Appendix [A] we collect some essentially well-known results
about the (unbounded) derived oo-category D(A) of a Grothendieck abelian

category A.

Notation

We freely use the language of co-categories as developed in [Lurl7bl Lurl7al.
In particular, we regard an (ordinary) category as an co-category via the nerve
construction. Moreover, we denote by Caty, the (very large) oco-category of
(large) oco-categories.
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2 Definition of Cartier modules

Let C be an co-category and F': C — C an endofunctor. In this section we define
the oo-category Cart(C, F') of Cartier modules in C with respect to the functor F'
which is a generalization of the usual notion of Cartier modules. Moreover, we
investigate how certain properties of C like stability or presentability induce the
same properties on Cart(C, F'). We do the same for the co-category Frob(C, F')
of Frobenius modules in C with respect to F' and for the more general concept
of lax equalizers.

As Cart(C, F') and Frob(C, F') are special cases of lax equalizers recall the
following definition.

Definition 2.1 ([NSI8| Definition 1I.1.4]). Let C and D be oco-categories and
F,G: C — D be functors. The lax equalizer of F' and G is the oco-category
LEq(F, G) defined as the pullback

LEq(F,G) —Y— ¢

ni l(F.,G)

Arr(D) —— D x D

(eVg,evl)

in Cats, where Arr(D) = Fun(A', D) is the oo-category of arrows in D and
the functors evg, evy: Fun(Al, D) — D are induced by the inclusions {0} < Al
and {1} = A, respectively.

Notation 2.2. Throughout the paper, in the situation above, we denote the
natural maps by U: LEq(F,G) — C and k: LEq(F,G) — Arr(D), respectively.
We refer to the functor U as the forgetful functor.

Remark 2.3. Using the universal property of the pullback we can describe the
n-simplices of the co-category LEq(F, G):

(a) Objects of LEq(F,G) are given by pairs (¢, f) of an object ¢ of C and an
arrow f: F(c) = G(c) in D.

(b) More generally, an n-simplex of LEq(F,G) is given by the data of an n-
simplex a: A" — C of C, a functor B: A" x A — D and equivalences
Blanxqoy = Fa and Blanx 1y ~ Ga.

Definition 2.4. Let C be an oco-category and F': C — C be an endofunctor. We
define the oco-category Cart(C, F') of Cartier modules in C with respect to the
functor F as LEq(F,idc) and the co-category Frob(C, F) of Frobenius modules
in C with respect to the functor F as LEq(ide, F).




By Remark [2.3| we can describe the n-simplices of Cart(C, F') and Frob(C, F).
Remark 2.5. Let C be an co-category and F': C — C be an endofunctor.

(a) Objects of the oo-category Cart(C, F) are given by pairs (M, kps) where
M € C is an object of C and kpr: F(M) — M is a morphism in C.

In particular, this generalizes the usual notion of Cartier modules on an
F,-scheme X (cf. [BBOY, Definition 2.1]) that are pairs (M, kn) of an
Ox-module M together with an Ox-linear morphism kp: FoM — M
where F': X — X denotes the absolute Frobenius endomorphism of X.

(b) Similarly, objects of the oo-category Frob(C, F') are given by pairs (M, Tar)
where M € C is an object of C and Tar: M — F(M) is a morphism in C.
This generalizes the usual notion of Frobenius modules on an Fj,-scheme
X (c¢f. [BL17, Remark 1.3.2]) that are pairs (M, 7ar) of an Ox-module M
together with an Ox-linear morphism ta: M — F,M where F: X — X
denotes the absolute Frobenius endomorphism of X.

(c) An n-simplex of Cart(C, F) is given by a map B: A" x Al — C and an
equivalence B anx oy = FBanx{1}-
Similarly, an n-simplex of Frob(C, F) is given by a map B: A" x Al — C
and an equivalence B|anx {1y = FB|anx{0}-

The following proposition collects a number of useful facts about this con-
struction.

Proposition 2.6. Let C and D be co-categories and F,G: C — D be functors.

(a) Let M,N € LEq(F,G). The mapping space Mapypq(pc) (M, N) is given
by the equalizer

K(M)*G
Eq (MapC(UM, UN) 2 Mapp(FUM, GUN)>,
K(N)F

(b) The forgetful functor U: LEq(F,G) — C is conservative, i.e. a morphism
f in LEq(F, G) is an equivalence if and only if U(f) is an equivalence in
C.

(c) Let p: K — LEq(F, Q) be a diagram such that the composite diagram
K — LEq(F, G) — C admits a limit and this limit is preserved by the func-
tor G. Then p admits a limit and the functor U: LEq(F,G) — C preserves
this limit.

(d) Let p: K — LEq(F,G) be a diagram such that the composite diagram
K — LEq(F,G) — C admits a colimit and this colimit is preserved by the
functor F. Then p admits a colimit and the functor U: LEq(F,G) — C
preserves this colimit.



(e) If C and D are stable co-categories (cf. [Lurl7d, Definition 1.1.1.9]) and
F and G are exact, then LEq(F, Q) is a stable co-category and the functor
U: LEq(F,G) — C is exact.

(f) If C is a presentable co-category (cf. [Lurl7b, Definition 5.5.0.1]), D is an
accessible co-category (cf. [LurlTh, Definition 5.4.2.1]), F preserves col-
imits and G is accessible (cf. [Lurl T, Definition 5.4.2.5]), then LEq(F, G)
is a presentable co-category and the functor U: LEq(F,G) — C preserves
colimits.

(9) If C and D are additive co-categories (cf. [GGN15, Definition 2.6]) and
F and G are additive, then LEq(F,G) is an additive co-category and the
functor U: LEq(F,G) — C is additive.

(h) If C and D are abelian categories and F' and G are exact, then LEq(F, G)
is an abelian category and the functor U: LEq(F,G) — C is exact.

(i) If C and D are Grothendieck abelian categories (i.e. they are presentable
abelian and filtered colimits are exact) and F and G are exact and pre-
serve colimits, then LEq(F, G) is a Grothendieck abelian category and the
functor U: LEq(F,G) — C is exact and preserves colimits.

Proof. Parts|(a)]to[(f)]are [NSI8| Proposition II.1.5]. Note that [(d)|follows from
their proof of |(f)

For the proof of the remaining parts first note that all the claims about the
functor U immediately follow from [(c)| and [(d)]

Using this there are only two things left to show in that finite coproducts
and finite products in LEq(F, G) are equivalent and that for each object M of
LEq(F, Q) the shear map

M (61)
oM ——MoeM
is an equivalence. But by @ both of these can be checked after applying U
where it is true because C is additive and U preserves finite coproducts and
finite products (and in particular the shear map). This proves|(g)]

A similar argument, using finite colimits and finite limits instead of finite
(co)products, and the comparison map between the coimage and the image,
shows (it is clear that a limit of 1-categories is still a 1-category, see e.g.
[Lurl7bl Proposition 2.3.4.12(4)]).

For we have to show that LEq(F, G) is presentable and that filtered col-
imits in LEq(F, G) are exact. Presentability was already shown in Checking
that filtered colimits are exact can again be done after applying the functor U

because it is conservative by exact by and colimit-preserving by As
filtered colimits in C are exact by assumption this completes the proof.

Applying this with D = C and F or G the identity we immediately get
analogous results for Cartier modules and Frobenius modules.

Corollary 2.7. Let C be an oco-category and F: C — C be an endofunctor.



(a) Let M,N € Cart(C, F). The mapping space Mapcayc, ) (M, N) is given
by the equalizer

K(M)*
Eq (MapC(UM, UN) —— Mape(FUM, UN)).
K(N)F

(b) The forgetful functor U: Cart(C, F) — C is conservative.

(c) Let p: K — Cart(C,F) be a diagram such that the composite diagram
K — Cart(C,F) — C admits a limit. Then p admits a limit and the
functor U: Cart(C, F) — C preserves this limit.

(d) Let p: K — Cart(C,F) be a diagram such that the composite diagram
K — Cart(C, F) — C admits a colimit and this colimit is preserved by the
functor F. Then p admits a colimit and the functor U: Cart(C,F) — C
preserves this colimit.

(e) If C is a stable oco-category and F is exact, then Cart(C,F') is a stable
oo-category and the functor U: Cart(C, F) — C is exact.

(f) If C is a presentable co-category and F preserves colimits, then Cart(C, F)
is a presentable co-category and the functor U: Cart(C, F) — C preserves
colimits.

(9) If C is an additive co-category and F' is additive, then Cart(C, F) is an
additive co-category and the functor U: Cart(C, F) — C is additive.

(h) If C is an abelian category and F is exact, then Cart(C, F) is an abelian
category and the functor U: Cart(C, F') — C is ezxact.

(i) If C is a Grothendieck abelian category and F' is exact and preserves col-
imits, then Cart(C, F') is a Grothendieck abelian category and the functor
U: Cart(C, F) — C is exact and preserves colimits.

Corollary 2.8. Let C be an oco-category and F: C — C be an endofunctor.
(a) Let M,N € Frob(C, F). The mapping space Mapg,onc, ) (M, N) is given
by the equalizer

K(M)*F
Eq(Mapc(UM,UN) § MapC(FUM,UN)>,
K(N )

(b) The forgetful functor U: Frob(C, F) — C is conservative.

(¢) Let p: K — Frob(C,F) be a diagram such that the composite diagram
K — Frob(C,F) — C admits a limit and F preserves this limit. Then p
admits a limit and the functor U: Frob(C, F') — C preserves this limit.



(d) Let p: K — Frob(C,F) be a diagram such that the composite diagram
K — Frob(C, F) — C admits a colimit. Then p admits a colimit and the
functor U: Frob(C, F) — C preserves this colimit.

(e) If C is a stable co-category and F is exact, then Frob(C,F) is a stable
oo-category and the functor U: Frob(C, F) — C is exact.

(f) If C is a presentable co-category and F is accessible, then Frob(C, F) is
a presentable co-category and the functor U: Frob(C,F) — C preserves
colimits.

(9) If C is an additive co-category and F is additive, then Frob(C, F) is an
additive co-category and the functor U: Frob(C, F) — C is additive.

(h) If C is an abelian category and F is exact, then Frob(C, F') is an abelian
category and the functor U: Frob(C, F) — C is exact.

(i) If C is a Grothendieck abelian category and F' is exact and preserves col-
imits, then Frob(C, F') is a Grothendieck abelian category and the functor
U: Frob(C, F) — C is exact and preserves colimits.

We conclude this section by investigating the relation between Cartier mod-
ules and Frobenius modules with respect to adjoint functors.

Proposition 2.9. Let C and D be co-categories and F,G: C — D be functors.
If F has a right adjoint R: D — C then there is an equivalence of co-categories

LEq(F, G) ~ LEq(id¢, RG) = Frob(C, RG) .
If G has a left adjoint L: D — C then there is an equivalence of co-categories
LEq(F,G) ~ LEq(LF,id¢) = Cart(C, LF).

Proof. Recall from [LT23], Section 2.1] that the oriented fiber product C X g p.c C
of F' and G is defined as the pullback

C>_<)F,D7GC — CxC

[ e
Arr(D) m DxD

in Caty,. Hence, there is a commutative diagram

LEq(F,G) —Y— ¢

| 2

CXppaC —— CxC (1)

T e

AIT(D) m DxD

10



in Caty,, where A denotes the diagonal map. By definition of the lax equalizer
LEq(F,G) and the oriented fiber product C Xpp ¢ C the outer rectangle and
the lower square of are cartesian diagrams. Thus, by the pasting law for
pullbacks (cf. the dual of [Lurl7bl Lemma 4.4.2.1]) the upper square of is
also a cartesian diagram.

If F has a right adjoint functor R, by [LT23, Lemma 2.2] there is a commu-
tative diagram

~

CXpp,cC C Xidp.c,rc C
C

where the horizontal arrow is an equivalence of co-categories. Combining this
with the discussion above we get that

x C

LEq(F, G) ~ lim (c A, CxC Cippa c)

12

lim (c 2Cx C + CRiapc.rG C)

~ LEq(id¢, RG) .
In the case where G has a left adjoint one argues analogously. O

Corollary 2.10. Let C be an oco-category and L,R: C — C be functors such
that L is left adjoint to R. Then there is an equivalence of co-categories

Cart(C, L) ~ Frob(C, R).

3 The induced t-structure on lax equalizers

We fix the following notation for the whole section:

Let C be a stable co-category, cf. [Lurl7al, Definition 1.1.1.9]. We denote the
shift functor by ¥: C — C. On objects X € C it is given by ¥(X) =01Ix 0, cf.
[Lurl7a, Notation 1.1.2.7].

Moreover, assume that C carries a t-structure (C>o,C<p), cf. [Lurl7al, Defi-
nition 1.2.1.1]. This means that the following axioms are satisfied:

(a) C>o and C<q are subcategories of C.
(b
(c

(d) For each X € C there exists a fiber sequence X’ — X — X" with X’ € C>
and X" S Cgo.

For X € C>p and Y € C<o we have Mapy (X, E71Y) ~ 0.

ECZO - Czo and 2_1050 - CSO.

)
)
)
)

11



Note that we use homological notation for t-structures. As usual, for each n we
denote by t>p,: C>,, &2 C: 7>, the adjunction of the inclusion and the connective
cover functor and by 7<,: C & C<y: i<, the adjunction of the truncation and
the inclusion functor, cf. [Lurl7al, Proposition 1.2.1.5, Notation 1.2.1.7]. In
particular, by [Lurl7al Remark 1.2.1.8] for every X € C there is a fiber sequence

LZnTZnX - X — Lgnfngnle .

Recall that the heart C¥ of the t-structure is given by Cs¢ N C<o and that
there are homotopy object functors 7, = T5o7<oX"": C — CY, cf. [LurlT7al
Definition 1.2.1.11].

Note that the co-category Arr(C) is also stable by [Lurl7al Proposition
1.1.3.1] and carries an induced t-structure given by Arr(C)>¢ = Arr(C>) and
Arr(C)<o = Arr(C<p). In particular, its heart is given by Arr(C)¥ = Arr(C).

Furthermore, let D be a stable co-category and F,G: C — D be exact func-
tors. If D carries a t-structure (D>q, D<p) recall that F is called right t-exact
(resp. left t-exact) if F(C>o) € Dxo (resp. F(C<o) € D<yp).

In this section we introduce an induced t-structure on LEq(F,G). Note that
this co-category is stable by Proposition It is defined in such a way that
the forgetful functor is automatically t-exact.

Definition 3.1. Define full subcategories LEq(F,G)>o and LEq(F,G)<o of
LEq(F,G) as follows: An object M € LEq(F,G) is in LEq(F,G)>¢ (resp.
LEq(F,G)<o) if and only if UM is in C>¢ (resp. in C<g).

We prove in Proposition that this defines a t-structure on LEq(F, G) if
F is right t-exact and G is left t-exact. For the proof we need the following.

Lemma 3.2. Let (D>q, D<o) be a t-structure on D such that F': C — D is right
t-exact. Then there is a commutative diagram

F
FLZOTZO 55 F

| &

[’ZOTZOF

where c: 1>0T>9 — id denotes the counit of the adjunction.
Dually, if G: C — D 1is left t-exact then there is a commutative diagram

G
LZOTZOG = G

| &

GLZOTZO'

Proof. We only show the first claim. The second claim can be shown by a dual
argument. There is a fiber sequence

(& u
LZOTZOFL20T20 — FL20T20 — Lg_lTS_lFLonzo
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where the last term is 0 by the right t-exactness of F'. Hence, the counit induces

an equivalence t>07>0Ft>07>0 = Fi>0T>0.
. . t>0T>0kc
Moreover, the counit also yields a map t>07>0Ft>0T>0 ———— t>0T>0F"

Putting everything together we obtain a diagram

F
FLZOTZO —< + F
CFLZ()TZ()TZ
LZOTZOFLZOTZO

cF
LZ()TZOFC

’/207'20F

that commutes because of the naturality of c. O

Proposition 3.3. Assume that there is a t-structure (D>o,D<g) on D such

that F: C — D is right t-exact and G: C — D 1is left t-exact. Then the full

subcategories LEq(F, G)>¢ and LEq(F, G)<o define a t-structure on LEq(F, G).
Moreover, the forgetful functor U: LEq(F,G) — C is t-exact.

Proof. We check that (LEq(F,G)>o,LEq(F,G)<o) satisfies the properties of
a t-structure. First, we have to see that ¥ LEq(F,G)>o C LEq(F,G)>o and
Y1 LEq(F,G)<o € LEq(F,G)<o. Let M € LEq(F,G)>o, i.e. UM € C>o. By
Proposition 2.(e)| the functor U is exact, so we have USM ~ SUM € C»g and
hence XM € LEq(F, G)>o. The other inclusion can be shown analogously.

Next, let M € LEq(F,G)>¢ and N € LEq(F, G)<_1. We have to show that
Mapygqr,a) (M,N) = 0. By Proposition @@this mapping space can be com-
puted as the equalizer of two maps Map, ,UN) = Mapp(FUM,GUN).
But we have UM € C»g and UN € C<_; by definition and FUM € Dxq
by the right t-exactness of F' and GUN € D<_; by the left t-exactness of G.
Thus, it follows that Map,(UM,UN) = 0 and Mapy(FUM,GUN) = 0, hence
MapLEq(F,G)(Ma N) =0.

It remains to show that for any object M € LEq(F,G) there is a fiber
sequence M’ — M — M" with M’ € LEq(F,G)>o and M"” € LEq(F,G)<_1.
We have a fiber sequence

LZ()TZ()UM i> UM i) L§,1TS,1UM (2)

in C where the maps are given by the counit resp. unit of adjunction. Using
that F' is right t-exact and G is left t-exact we can define a morphism

M
FCZ()(M) : FLZ()TZ()UM — LZ()TZ()FUM M LZ()TZ()GUM — GLZ()TZQUM
where the first and last morphisms are the ones that we constructed in the proof

of Lemma Equipping the left hand term of with this morphism we can
promote it to an object of LEq(F, G). Furthermore, the left hand map in is

13



a morphism in LEq(F,G) as can be seen from the commutative diagram

FisorsoUM —£55 FUM
|

LZ()TZ()FUM

K(M)l k(M)

LZOTZOGUM

Lo~

GLZ()TZ()UM T UeM.

Here, the middle part of the diagram commutes because of the naturality of ¢
and the upper and lower parts commute by Lemma (3.2

So we set M’ = (1507>0UM, k>o(M)) and M" := cofib(M’ < M) where
the cofiber is taken in the category LEq(F, G). Since LEq(F, G) is stable this
gives us a fiber sequence M’ — M — M" in LEq(F,G). As U is exact by
Proposition [2.6(e)l we have

UM” >~ COﬁb(LononM i) UM) >~ L§,1TS,1UM

which shows that M"” € LEq(F, G)<_1. Moreover, note that M’ € LEq(F, G)>o
since UM’ = 1>¢7>oUM.
The t-exactness of the forgetful functor is clear. O
We can also compute the heart of the induced t-structure.

Proposition 3.4. Assume that there is a t-structure (Dso,D<g) on D such
that F': C — D is right t-ezact and G: C — D is left t-exact. The heart of the t-
structure (LEq(F, G) >0, LEq(F, G)<o) is given by LEq(F,G)® ~ LEq(F¥,G")
where F¥ resp. G¥ denotes the composition C¥ < C o p ™ DY and for G
respectively.

Proof. The forgetful functor U: LEq(F,G) — C is t-exact by Proposition (3.3}
so it restricts to a functor UY: LEq(F,G)Y — C¥ of the hearts. Moreover, we
denote by Ugo : LEq(FY,GY) — C* the forgetful functor of LEq(FY,G").

We define a functor ®: LEq(F,G)Y — LEq(FY,GY) via the universal prop-
erty of the pullback and the commutative diagram

UC?

LEq(F, G)"
Tl @
e o
K‘LEq(F,G)O LEq(FO, GO) Em— CQQ
ncol J(FQ,G@)
Arr(D) ——— Arr(D?) oo DY x DY.
evp,evy

14



We show that ® is an equivalence by proving that it is essentially surjective and
fully faithful.

For the essential surjectivity let M € LEq(FY,G"). Define a morphism
kym: FUzo M — GUeo M to be the composition

FUpo M — s GUoo M

LSOTSOFUC@M LEOTZOGUC@M

=] E

K M
FOUzo M — M o0

where the arrows u and ¢ are the unit resp. counit of adjunction, and the equiv-
alences exist because I is right t-exact and G is left t-exact. Equipping Uso M
with this morphism we can promote it to an object (Ugo M, &) of LEq(F, G)¥.
As mo(Rnr) =~ mo(keo (M)) >~ kKeo(M), the functor ® maps (Ugo M, Rpr) to
(Ugo M, koo (M)) = M. Thus, the functor @ is essentially surjective.

To prove fully faithfulness of ®, let M, N € LEq(F,G)¥. We show that the
map

Mapy gq(r.q) (M,N) — Mapy gq(ro o) (®M, ®N)

induced by @ is an equivalence by using the description of the mapping spaces
from Proposition Recall that Mapy gq(r,q) (M, N) is given by

K(M)*G
Eq (MapC(UM, UN) = Mapp(FUM, GUN))
K(N).F

and that Mapy gq(po goy(PM, PN) is given by

o (K(M))*GY
Eq ( Mapgo (UM, UPN) ————— Mappo (FOUYM, G”U”N)).

7o (K(N))x F©
There is a commutative diagram

Map(UM,UN) —=—— Map.o (UYM,UYN)

| I

Map,(GUM, GUN) ——= Mappo (GYUYM,GYUYN)
o | |motetany®
Mapp(FUM,GUN) —= Mappe (FYUYM,GYUYN).

A similar diagram can be drawn for the map x(NV).F. Putting both diagrams
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together we get a commutative diagram

k(M)*G
Map.(UM,UN) Mapp(FUM,GUN)
J{ K(N)F J{
~ o
s mo(k(M))*GY
Mapeo (UM, UYN) —————— Mappo (FYUYM,G°UYN).
7o (K(N))« F©

Taking the equalizer of the rows, the vertical maps in the diagram induce the
map ®. Thus, it suffices to show that the vertical arrow on the right hand side
is an equivalence. This is the case as it is given by the chain of equivalences

MapD(FUM, GUN) ~ Mapr(LSOTSOFUM, GUN)
~ MapD(LgngoFUM, LZ()TZ()GUN)
~ Mappe (FYUYM,GYUYN)

where we used the left t-exactness of G and the adjunction 7<¢ 4 t<g in the
first equivalence, the right t-exactness of F' and the adjunction ¢>¢ 4 7>¢ in the
second equivalence and both t-exactness properties in the last equivalence. [

From the definition of the t-structure and the description of its heart we
immediately get.

Corollary 3.5. Assume that there is a t-structure (D>o, D<) on D such that
F:C — D is right t-exact and G: C — D is left t-exact. The forgetful functor
U is t-exact and there is a cartesian diagram

U
LEq(F?,G%) —% ¢©

I J

LEq(F,G) —Y— C.

4 The left adjoint of the forgetful functor

Let C be an oco-category that admits countable coproducts and let F': C — C be
an endofunctor that preserves them. In this section we define the left adjoint of
the forgetful functor U: Cart(C,F') — C. It follows that U exhibits Cart(C, F')
as monadic over C, cf. [Lurl7al Definition 4.7.3.4]. This is the first key input for
the proof of our main theorem. We conclude the section by showing that the left
adjoint of U is t-exact if C is a stable co-category equipped with a t-structure
that is compatible with coproducts (cf. [Lurl7al Definition 1.2.2.12]).

Definition 4.1. Let C be an co-category that admits all countable coproducts
and let F': C — C be an endofunctor that preserves countable coproducts. We
define a functor L: C — Cart(C, F') via the universal property of the pullback
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and the diagram

Cart(C,F) —L— ¢

lf{ J(F,id)
AI'I'(C) m CxC

where J], -, F™ is the coproduct in Fun(C,C) of the functors F™: C — C and
the functor s is defined as follows:

Note that specifying a functor C — Arr(C) is the same as giving an arrow
in Fun(C,C), i.e. a natural transformation. Under this equivalence the functor
s corresponds to the natural transformation

Hincn+1: ]_[F""'1 — HFk

n>0 n>0 k>0

where inc,;: F"t1 — >0 F* denotes the natural map into the coproduct.
As F preserves countable coproducts, the outer diagram commutes and
hence defines a functor L.

Proposition 4.2. Let C be an co-category that admits all countable coproducts
and let F: C — C be an endofunctor that preserves countable coproducts. Then
the functor L is left adjoint to the forgetful functor U: Cart(C,F) — C.

Proof. First, we define the unit map u: ide — UL to be the inclusion of the
zeroth component incg: ide = FY — [, -, F™. By [Lurl7hl, Proposition 5.2.2.8]
it is enough to show that the map -

MapCart(C,F) (LX7 M) i} MapC (ULX? UM) i> MapC (X7 UM) (3)

is an equivalence for all objects X € C and M € Cart(C, F).
Note that there are equivalences

K(LX)*
Mapcart(c,r)(LX, M) ~ Eq | Mape(ULX,UM) —— < Map(FULX,UM)
k(M) F

~Eq [Mape | [[ F"X. UM | —= Map | [[ F*"'X, UM
n>0 n>0

[
~Eq [ [] Mape(F"X,UM) T [ Mape(F+' X, UM) |
n>0 n>0
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where we used Corollary in the first equivalence, the definition of L and
the assumption that I’ preserves countable coproducts in the second equivalence
and the universal property of coproducts in the last equivalence. Using the
definition of L we see that the map ® is defined by pr,, ® := pr,,,; where

pr,: | Mape(F*X,UM) — Map(F"X,UM)
k>0

denotes the projection on the n-th factor. Moreover, the map V¥ is defined by
pr,, ¥ := k(M) F pr,. Thus, the composition is equivalent to the composi-
tion

Eq(®, ¥ —>i Map(F" X, UM Lo, Map (X, UM), 4
C C
n>0

where 7 is the natural map out of the equalizer.
To show that this composition is an equivalence we construct a map

B: Map.(X,UM) — Eq(®, ¥)

that satisfies pryi8 ~ id and B pryi ~ id and hence is an inverse of (). For
that, we use the universal property of the equalizer and construct a map

a: Mape(X,UM) — [ Mape(F"X,UM)
n>0

with a homotopy ®a ~ Y. We define inductively
proa == id: Mape(X,UM) — Map.(F°X,UM)

and
Pr,41 @

Mape (X, UM) Mape (F"H 1 X, UM)

pry, O‘J/ TN(M)*

Mape(F"X,UM) —— Mape(F™'X, FUM).
This induces a map a: Mape (X, UM) — [, Mape(F" X, UM) and
Qo = (pr,, ;1 @)n ~ (k(M).Fpr, o), = Va
holds by construction. Therefore, we get a map 5: Mapq(X,UM) — Eq(®, ¥)
that satisfies i8 ~ a.
It follows immediately from the construction of o that we have
proif ~ proa ~id .

Thus, it remains to show that 8 pry ¢ ~ id. For that, it suffices to show that for
all n we have pr,, 18 pry¢ ~ pr,, . We do this inductively. For n = 0 we have

pProiBprgi o~ id pryi o~ pry¢
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by the above. For n > 0 we compute

Prpy1 88 DPrgi =~ pr,  aprgi
~ k(M).F pr, apryi
~ g(M).Fpr, i

~pr, it

where we used the definition of § in the first equivalence, the definition of « in
the second equivalence, the induction hypothesis in the third equivalence and
the definition of ® and ¥ in the last equivalence. O

Corollary 4.3. Let C be an co-category that admits all countable coproducts and
let F': C — D be a functor that preserves countable coproducts. Let G: C — D
be a functor that admits a left adjoint G*: D — C. Then the forgetful functor
U: LEq(F,G) — C admits a left adjoint. It can be described as in Deﬁnition
by replacing F by GFF.

Proof. There is an equivalence of co-categories LEq(F,G) ~ Cart(C,GEF) by
Proposition Note that the functor G¥ preserves countable coproducts as it
is a left adjoint. Hence, we can apply Proposition 4.2 O

Corollary 4.4. Let C be an oco-category that admits all countable coproducts
and let G: C — C be an endofunctor that admits a left adjoint G¥. Then the
forgetful functor U: Frob(C,G) — C admits a left adjoint. It can be described
as in Definition by replacing F by G*.

Proof. Apply Corollary [4.3] with F' = id¢. O

As a consequence, we obtain that the forgetful functor is monadic. The
proof of this is an application of the co-categorical Barr-Beck Theorem [Lurl7al,
Theorem 4.7.3.5]. To see this, we first show the following.

Lemma 4.5. Let C and D be co-categories and F,G: C — D be functors. The
oo-categories Cart(C, F'), Frob(C,G) (in the case D =C) and LEq(F, G) admit
colimits of U-split simplicial objects (cf. [Luri7d, Definition 4.7.2.2]) and U
preserves them.

Proof. Let Xq: N(AZ)°P — Cart(C, F') be a U-split simplicial object, i.e. UX,
is a split simplicial object in C. By [Lurl7b, Lemma 6.1.3.16], UX, admits a
colimit in C. Note that the functor F preserves this colimit by [Lurl7al, Remark
4.7.2.4]. Thus, the claim about Cart(C, F') follows from Corollary

To prove the claims about Frob(C, G) and LEq(F, G) we can do an analogous

argument using Corollary resp. Proposition at the end. O

Theorem 4.6. (a) Let C be an oco-category and let F': C — C be an endofunc-
tor such that the forgetful functor U: Cart(C, F') — C admits a left adjoint
(e.g. if C admits countable coproducts and F preserves them). Then the
functor U exhibits Cart(C, F') as monadic over C (in the sense of [Lurl7d,
Definition 4.7.53.4]).

19



(b) Let C and D be co-categories and let F,G: C — D be functors such that
the forgetful functor U: LEq(F,G) — C admits a left adjoint. Then the
functor U ezhibits LEq(F, G) as monadic over C.

(¢) Let C be an oco-category and let G: C — C be an endofunctor such that
the forgetful functor U: Frob(C,G) — C admits a left adjoint. Then the
functor U ezhibits Frob(C,G) as monadic over C.

Proof. By the oo-categorical Barr-Beck Theorem [Lurl7a, Theorem 4.7.3.5]
it is enough to show that U is conservative, Cart(C,F') (resp. LEq(F,G) or
Frob(C, G)) admits colimits of U-split simplicial objects and U preserves these
colimits. The latter holds by Lemma Moreover, we have already seen
that U is conservative in Corollary [2.4(b)| (resp. Proposition or Corol-
lary . O

We finish this section by investigating the t-exactness properties of the func-
tor L. Under the additional assumption that the t-structure on C is compatible
with coproducts we get an analog of Corollary which is an important ingre-
dient for the proof of our main theorem.

Lemma 4.7. Let C be a stable co-category with a t-structure (C>o,C<q). Sup-
pose that C<q 1is stable under coproducts.

(a) Let F: C — C be a t-exact endofunctor that preserves countable coprod-
ucts. Then the left adjoint of the forgetful functor U: Cart(C,F) — C
from Definition is t-exact (with respect to the induced t-structure on
Cart(C, F) described in Proposition[3.3).

(b) Let D be a stable co-category with a t-structure and F': C — D be a t-ezact
functor that preserves countable coproducts. Let G: C — D be a functor
that admits a t-exact left adjoint. Then the left adjoint of the forgetful
functor U: LEq(F,G) — C is t-ezact.

(¢) Let G: C — C be an endofunctor that admits a t-exact left adjoint. Then
the left adjoint of the forgetful functor U: Frob(C,G) — C is t-exact.

Proof. Note for and that G is left t-exact by [BBDS82, Proposition
1.3.17(iii)] because it is right adjoint to a t-exact functor. In particular, the
oo-categories LEq(F, G) and Frob(C, G) carry the induced t-structure described
in Proposition [3.3]

In all three cases we denote the left adjoint of the forgetful functor by L. By
Proposition [3.3) we have to show that UL(C>o) C C>o and that UL(C<o) € C<o.
This follows directly from the definition of L (Definition Corollary
Corollary, the assumptions on F' and G and the fact that C>o and C<q are
stable under coproducts. O

Corollary 4.8. Under the respective assumptions of the previous lemma there
are commutative diagrams
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(a)

co L, Cart(CY, FY)

| I

¢ —L<  Cart(C, F)

(b)

L
c¥ =5 LEq(F?,G)

J |

¢ —L¢  LEq(F,G)

c® L%, Frob(c®, V)

| I

¢ — 5 Frob(C,G)

In each case the horizontal functors denote the left adjoint of the forgetful func-
tor.

Proof. We only prove @ an analogous proof shows @ and For the sake
of clarity, we add an index to L and U to indicate to which category they refer.
As L¢ is t-exact by Lemma[4.7] it restricts to a functor

Lg:C¥ — Cart(C, F)Y .

The same is true for the forgetful functor Ug: Cart(C,F) — C by Corol-
lary The restricted functors Lg and Ug are adjoint by [BBDS82|, Proposi-
tion 1.3.17(iii)] because L¢ is left adjoint to Uc. But again by Corollary [3.5]
Uép ~ Ugo, SO Lg and Leo are left adjoints of equivalent functors. Hence, L
and Lco are equivalent (cf. [Lurl7b, Remark 5.2.2.2]). O

5 The derived co-category of Cartier modules

In this section we state and prove the main theorem of this paper. The proof
relies on a consequence of the oo-categorical Barr-Beck Theorem [Luri7al, The-
orem 4.7.3.5] which we recall in Proposition

Recall that a Grothendieck abelian category is a presentable abelian category
that has exact filtered colimits. In particular, Grothendieck abelian categories
satisfy Grothendieck’s axioms AB3, AB4 and AB5, cf. [Sta24l Tag 079A].

Furthermore, if A is a Grothendieck abelian category we can define its de-
rived oo-category D(A), cf. [Lurl7al Definition 1.3.5.8]. The derived co-category
carries a natural t-structure (cf. [Lurl7al Definition 1.3.5.16]) whose heart is
given by D(A)Y ~ A (cf. [Lurl8, Remark C.5.4.11]).
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For G: A — B a colimit-preserving exact functor between Grothendieck
abelian categories there is an induced colimit-preserving t-exact functor

D(G): D(A) — D(B)

by Proposition [A22] Moreover, we can also apply Proposition [A22]to the equiv-
alence

Arr(A) = Arr (D(A)Y) = (Arx(D(A)))”
to get a functor D(Arr(A)) — Arr(D(A)).

Theorem 5.1. Let A be a Grothendieck abelian category and F: A — A be an
exact and colimit-preserving functor. Then Cart(A, F) is a Grothendieck abelian
category and the natural functor a: D(Cart(A, F)) — Cart(D(A), D(F)) given
by the universal property of the pullback and the diagram

D(Ua)

Up(a)

D(x) Cart(D(A), D(F)) D(A)
HD(A)\L l(D(F)yid)
D(Arr(A)) —— Arr(D(A)) (ovoorn) D(A) x D(A)

is an equivalence of co-categories.

Furthermore, the functor o is t-exact with respect to the usual t-structure
on D(Cart(A, F)) and the induced t-structure on Cart(D(A), D(F)) described
in Proposition[3.3

Note that the outer diagram in the theorem indeed commutes as this can be
checked on hearts by Proposition where the bottom composition is given by
(evg,evy). So, it boils down to the commutative diagram defining Cart(A, F').

Remark 5.2. By Proposition[A.3, the equivalence of the heart
Cart(A, F) ~ Cart(D(A), D(F))*
described in Proposition also induces a functor
D(Cart(A, F)) — Cart(D(A),D(F)).

It can be shown that this functor is equivalent to the functor a of Theorem[5.1]
by checking it on the heart and applying Proposition [A.3

To prove the theorem we use the following result which is a consequence of
the co-categorical Barr-Beck Theorem [Lurl7al Theorem 4.7.3.5].
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Proposition 5.3. Suppose we are given a commutative diagram of co-categories

Cc ————— 7

N

and assume the following:
(1) The functor U ezhibits C as monadic over D.
(2) The functor U’ exhibits C' as monadic over D.

(3) Denote the left adjoints of U and U’ by L and L', respectively. For each
object D € D, the unit map D — UL(D) ~ U'aL(D) induces an equiva-
lence L'(D) — aL(D) in C'.

Then « is an equivalence.

Proof. This is a reformulation of [Lurl7al, Corollary 4.7.3.16] using [Lurl7al
Theorem 4.7.3.5]. O

So, to prove Theorem [5.1] we show that for the diagram

D(Cart(A, F)) & Cart(D(A), D(F))

Dm A

the assumptions |(1)| to [(3)| of Proposition are satisfied where we keep the
notation from Theorem Note that the category Cart(A, F') is Grothendieck
abelian by Corollary [2.7(1)} so that it makes sense to write D(Cart(A, F)). We
start with the proof of

Proposition 5.4. Let A be a Grothendieck abelian category and F: A — A be
an exact and colimit-preserving functor. Then the functor

D(U,): D(Cart(A, F)) — D(A)
exhibits D(Cart(A, F)) as monadic over D(A).

Proof. By Proposition the functor Uy: Cart(A, F) — A admits a left ad-
joint L 4. Using Theorem [4.6(a)| we see that U 4 exhibits Cart(A, F') as monadic

over A. Noting that coproducts in Grothendieck abelian categories are exact by
axiom AB4, we get that L 4 is an exact functor. Thus, we conclude by applying

Corollary O

Proof of Theorem[5.1] First note that the category Cart(A, F) is Grothendieck
abelian by Corollary [2.7(1)|
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Moreover, the t-exactness of the functor « follows immediately from the
definition of the induced t-structure on Cart(D(A), D(F)) and the t-exactness
of D(Ua) ~ Up(a)c.

So, it remains to show that the natural functor

a: D(Cart(A, F)) — Cart(D(A), D(F))

is an equivalence. As we already described above the proof proceeds by consid-
ering the commutative diagram

D(Cart(A, F)) = Cart(D(A), D(F))
D

and checking that the assumptions [(1)| to|(3)| of Proposition are satisfied.

is Proposition

For [(2)] note that D(A) is presentable by [Lurl7a, Proposition 1.3.5.21(1)]
and that D(F) preserves colimits by definition. Hence, we can apply Theo-
rem [4.6(a)| to get

It remains to prove We have to show that for each object M € D(A)
there is an equivalence Lp(4)(M) — oD(L4)(M) induced by the unit of the
adjunction D(L4) + D(Ua). As Up(yay is conservative it suffices to show that
the map

UpayLpay(M) — UpayaD(La)(M) =~ D(U)D(La)(M)

is an equivalence.

The functor Up(a) is t-exact by Corollary and colimit-preserving by
Corollary Note that the t-structure on D(A) is compatible with filtered
colimits by [Lurl7al Proposition 1.3.5.21(3)], and hence, the functor Lp4) is
t-exact by Lemma The functor Lp(4) also preserves colimits as it is a
left adjoint. Moreover, the functors D(U4) and D(L 4) are t-exact and colimit-
preserving by definition. Thus, we can apply Proposition to reduce to the
case M € D(A)°.

Denote by H: D(A)Y — D(A) the inclusion of the heart. Then there is a
commutative diagram

woUp(a)Lp(ayH (M) —— moD(UA)D(La)H(M)

=| lﬁ

UaLa(M) —————— UaLa(M)
where the left vertical arrow is an equivalence because of Corollary|4.§(a)| Corol-

lary [3-5 and the fact that 7o H ~ id and the right vertical arrow is an equivalence
by definition of D(U4) and D(L 4). The commutativity follows because the top
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horizontal map is induced by the composition
D(u)
UpayLpay — Upa)LpayD(UA)D(L.A)

—— Up(ayLpayUpayaD(L )

2, UpayaD(L )

—=— D(UA)D(La)

where D(u) denotes the unit of the adjunction D(L4) 4 D(U4) and cp(4) the
counit of the adjunction Lp(4) 4 Up(a). When restricted to the heart these two
adjunctions both become equivalent to the adjunction L 4 4 U4 and the map
comes down to

UaLa = UaLAUAL g = UaLg

which is equivalent to the identity because of one of the triangle identities.
The diagram shows that the map

moUp(a)Lp(ayH (M) — moD(Ua)D(La)H(M)

is an equivalence for M € D(A)Y. As we explained above, this implies that the
map
Up(a)Lp(ay(M) = D(UA)D(La)(M)

is an equivalence for all M € D(A). This completes the proof of and thus
also the proof of the theorem. O

Corollary 5.5. Let A be a Grothendieck abelian category and F,G: A — A be
exact and colimit-preserving functors. Assume that G has an exact left adjoint
GT. Then LEq(F,G) is a Grothendieck abelian category and the natural functor

a: D(LEq(F,G)) — LEq(D(F'), D(G)),

defined analogously to the one in Theorem [5.1), is a t-exact equivalence of oo-
categories.

Proof. Note that by Lemma D(GL) is left adjoint to D(G). So, by Propo-
sition [2.9] there are equivalences LEq(F, G) ~ Cart(A, GL'F) and

LEq(D(F), D(G)) ~ Cart(D(A), D(GH)D(F))
of co-categories. Now we can apply Theorem to conclude. O

Corollary 5.6. Let A be a Grothendieck abelian category and G: A — A be an
exact and colimit-preserving functor. Assume that G has an exact left adjoint.
Then Frob(A, G) is a Grothendieck abelian category and the natural functor

a: D(Frob(A, G)) — Frob(D(A), D(GQ)),

defined analogously to the one in Theorem [5.1), is a t-exact equivalence of oo-
categories.

25



Proof. Apply Corollary [5.5] with F' = id 4. O
If we apply Theorem with F' = id4 we recover the following well-known
result about the category End(.A) of endomorphisms of A.

Corollary 5.7. Let A be a Grothendieck abelian category. Then there is a
canonical equivalence D(End(A)) = End(D(A)) of co-categories.

6 Applications

In this section we collect some applications of our main theorem. These include
in particular the corresponding statements about (classical) Cartier modules on
a scheme over a field of positive characteristic. We also construct a perverse
t-structure on classical Cartier modules. As the perverse t-structure is usually
denoted by cohomological notation in the literature, we chose to do the same
here although we used homological notation before.

Notation 6.1. Let X be a scheme. Let QCoh(X) be the category of quasi-
coherent Ox-modules. We denote by D(X) the (ordinary) derived category of
QCoh(X). The full subcategory of D(X) consisting of those objects that have
coherent cohomology is denoted by Deon(X). The full subcategory of D(X)
consisting of those objects that have bounded cohomology is denoted by

D'X)= J D=(X)nD>"(X).
%
Similarly, denote by
DYXx)= |J D"X)
b——oo
the full subcategory of those objects that have bounded below cohomology.

If p> 0 and X is an Fp-scheme then we denote by F': X — X the absolute
Frobenius of X. Consider the pushforward functor F,: QCoh(X) — QCoh(X).
We denote by Cart(X) := Cart(QCoh(X), F) the category of (classical) Cartier
modules and by Frob(X) = Frob(QCoh(X), Fy) the category of (classical)
Frobenius modules.

The functor F is exact since F' is an affine morphism. Hence, the functor
F., induces a functor F,: D?(X) — D¥(X) which is t-exact with respect to the
standard t-structures. If F' is moreover finite, F), restricts to a t-exact functor
F,: Dl (X)— Dl (X).

coh coh

Corollary 6.2. Let p > 0 and X be an Fj,-scheme. Then there is a canonical
equivalence of co-categories D(Cart(X)) = Cart(D(X), D(F.)).

Proof. Apply Theorem with the Grothendieck abelian category QCoh(X)
and the exact and colimit-preserving functor F,: QCoh(X) — QCoh(X). O

Corollary 6.3. Letp > 0 and X be a regular Noetherian Fy,-scheme. Then there
is a canonical equivalence of co-categories D(Frob(X)) = Frob(D(X), D(F,)).
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Proof. First note that the functor F*: X — X is left adjoint to F, and exact
by [Kun69, Theorem 2.1]. Thus we can apply Corollary to A = QCoh(X)
and G = F,. O

Another application of Theorem[5.1]is that it enables us to define t-structures
on D(Cart(A, F')) by giving an induced t-structure on Cart(D(A), D(F)) in the
sense of Section Bl

As an example we construct a perverse t-structure on the bounded derived
category of classical Cartier modules with coherent cohomology. Perverse t-
structures in general were first studied in [BBD82|] and later more generally by
Gabber [Gab04]. As they are usually denoted by cohomological notation in the
literature, we chose to do the same here although we used homological notation
before.

We first introduce some notation. For a scheme X and a point x € X we
denote by i, : Spec(Ox ) — X the inclusion of the local ring. Recall that there
is an exact inverse image functor

ir: QCoh(X) — QCoh(Spec(Ox »))
and a left exact functor
it,: QCoh(X) — QCoh(Spec(Ox..))

given by taking sections with support in {z} (compare with [Har66), Section
IV.1, Variation 8]). We denote their derived, resp. right derived functors by
iv: D(X) — D(Spec(Ox ),
resp.
Ril: DY (X) — DT (Spec(Ox..)).

Theorem 6.4 ([Gab04, Theorem 9.1], [AB21, Theorem 3.10]). Let X be a
Noetherian scheme that admits a dualizing complex (cf. [Sta24), Tag 0A85]).
Let p: X — Z be a monotone and comonotone perversity function in the sense
of [AB21), Definition 3.9]. Define full subcategories PD=°(X) and PD="(X) of
Db (X) as follows:

coh
An object M € D%, (X) is an object of PD=°(X) if for every point x € X
we have it (M) € D=P(®)(Spec(Ox ).
An object M € D%, (X) is an object of PD=°(X) if for every point x € X
we have Ri',(M) € DZP(*)(Spec(Ox .)).
These subcategories define a t-structure on D%, (X), which is called the perverse
t-structure (with respect to p).

Observe that the standard t-structure is a special case of a perverse t-
structure.

Lemma 6.5. Let X be a Noetherian scheme that admits a dualizing complex.
The perverse t-structure with respect to the zero function is equivalent to the
standard t-structure on DY, (X).
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Proof. Let M € Dgoh(X ) and z € X. As t-structures are uniquely determined
by their connective part it suffices to show °D=0(X) = D=°(X). This can be
checked locally on X where i3 M is given by M ®op, Ox . In particular, we
have H(i* M) = i* H/ (M) as localizations are flat.

Using this we can immediately conclude D=%(X) = °D=°(X) since the func-
tors 4 are jointly conservative. O

Recall from [Sta24] Tag 0AU3| that for a Noetherian scheme X that admits

a dualizing complex w% there is a duality functor

D := RHomy (= w%): Degn(X)*® = Doy (X) -
It is an equivalence and its own inverse. In particular, we get a t-structure on
D . (X) by applying D to the standard t-structure.

Moreover, note that by [Har66, Section V.7] the complex Ri\w% is concen-
trated in a single homological degree d(x) for each point z € X. The obtained
map d: X — Z is a monotone and comonotone perversity function. In the
following, each perverse t-structure is the one associated to the function d.

Proposition 6.6. Let X be a Noetherian scheme that admits a dualizing com-
plex. The two t-structures (!D=°(X),4D=(X)) and (D(D=°(X)),D(D=°(X)))
on D’ (X) coincide.

coh

Proof. Tt suffices to check that the coconnective parts of the two t-structures
agree. By [AB21 Lemma 3.3(a)] we have D(°D=°(X)) = ¢D2°(X). Thus, the
proposition follows from Lemma [6.5) O

Using the description of the perverse t-structure with the dualizing complex,
we can now define the induced perverse t-structure on classical Cartier modules.
To be able to apply the results from Section [3| we first have to show that the
Frobenius pushforward functor is right t-exact.

Lemma 6.7. Let p > 0 and X be a Noetherian F,-scheme that admits a du-
alizing complex. Assume that the absolute Frobenius F' of X is finite. Then
F.: Db, (X) — DY, (X) is t-ezact with respect to the perverse t-structure with
respect to the function d described above.

Proof. Note that the functor F.: D%, (X) — Db (X) is t-exact with respect
to the standard t-structure. Using this, the lemma follows directly from Propo-
sition and the fact that Fi. commutes with the duality functor D by [Sta24]

Tag 0AU3|. O

Definition 6.8. Let p > 0 and X be an F)-scheme. A (classical) Cartier module
M € Cart(X) is called coherent if its underlying O x-module UM is coherent.

We denote by Deon(Cart(X)) the full subcategory of D(Cart(X)) on those
objects that have coherent cohomology.

Theorem 6.9. Let p > 0 and X be a Noetherian Fp,-scheme that admits a
dualizing complex. Assume that the absolute Frobenius F' of X is finite.
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Then the perverse t-structure with respect to the function d described above
induces a perverse t-structure on D%, (Cart(X)) such that the forgetful functor
D(U): Db, (Cart(X)) — Db, (X) is t-ezact for the perverse t-structures.

This t-structure coincides with the t-structure of [Bau23, Definition 5.2.1].

Proof. We showed in Theorem [5.1] that there is an equivalence of oo-categories
a: D(Cart(X)) — Cart(D(X), Fy)

which is t-exact with respect to the standard t-structure on D(Cart(X)) and the
induced t-structure on Cart(D(X), Fi). Because of the t-exactness « restricts

to an equivalence
Db(Cart(X)) = Cart(D(X), F.)°

between the bounded objects of both oco-categories. By the definition of the
induced t-structure it follows that Cart(D(X), F,)® is equivalent to the oo-
category Cart(D?(X), F).

Moreover, the coherence condition for the cohomology can be checked after
applying the forgetful functor since the latter is exact. So, by the definition of
«a and the preceding discussion, we get an equivalence

D, (Cart(X)) = Cart(D2, (X), F.)
of co-categories. Using this, it is left to show that there is an induced perverse
t-structure on Cart(D%, (X), F,). This follows directly from Lemma and
Proposition [3.3
The t-exactness of the forgetful functor D(U): D5, (Cart(X)) — D?

coh (X)
follows from the definition of o because D(U) can be written as the composition

D, (Cart(X)) % Cart(DL,,(X), F,) L DL, (X)

coh coh coh

of two t-exact functors.
That this t-structure coincides with the one of [Bau23, Definition 5.2.1] is
clear from the construction. O

A Derived oco-categories

In this appendix we state and prove some facts about derived oo-categories of
Grothendieck abelian categories that we use to prove our main theorem.

Recall that a t-structure (C>o,C<o) on an co-category C is called right com-
plete if the natural functor

~ . T>1 T>2
C—)hm(---—>C20;>C21 %622%...)

is an equivalence of oo-categories. It is called right separated if [, C<, = 0 and
left separated if [, C>y, = 0.
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Notation A.1. Let A be a Grothendieck abelian category. We denote by D(.A)
the derived oco-category of A, cf. [Lurl7al Definition 1.3.5.8].

It carries a t-structure (D(A)>o, P(A)<o) (cf. [Lurl7al, Definition 1.3.5.16])
which is accessible, right complete and compatible with filtered colimits by
|[Luri7al, Proposition 1.3.5.21].

For each n we denote by t>y: D(A)>, S D(A): 7>, the adjunction of the
inclusion and the connective cover functor and by 7<,: D(A) = D(A)<n: t<n
the adjunction of the truncation functor and the inclusion.

Furthermore, the heart of the t-structure is given by D(A)Y ~ A (cf. [Lurl8,
Remark C.5.4.11]) and we denote the inclusion of the heart by H: A — D(A).

The next proposition can be seen as a universal property of derived oo-
categories. It shows that t-exact and colimit-preserving functors out of a derived
oo-category are uniquely determined by their restrictions to the heart.

Proposition A.2. Let A be a Grothendieck abelian category and C a presentable
stable co-category. Assume that C carries a right complete and left separated t-
structure (C>o,C<q) that is compatible with filtered colimits. Then the restriction
functor

LFun"*(D(A),C) — LFun®*(A4,C%), G+ mGH

18 an equivalence, where objects in the source are colimit-preserving t-exact func-
tors from D(A) to C and objects in the target are colimit-preserving exact func-
tors from A to C°.

Proof. By [Lurl8, Theorem C.5.4.9] the restriction to the heart induces an
equivalence

LFunleX (D(.A) >0, Czo) i> LFUDEX (.A, CO)

where objects in the source are colimit-preserving and left exact functors from
D(A)>o to C>o. Therefore, it suffices to show that the restriction functor

LFun"**(D(A),C) — LFun'*(D(A)>0,C>0)

is an equivalence.
By [Lurl7al Proposition 1.3.5.21(3)] the t-structure on D(.A) is right com-

plete, i.e. D(A) = lim,, D(A)>_,,. Thus, combining [Lurl8, Remark C.1.2.10]
and [Lurl8, Proposition C.3.1.1] we get an equivalence

LFun""**(D(A),C) = LFun(D(A)>0,C>0)
where objects in the source are colimit-preserving right t-exact functors from
D(A) to C and objects in the target are colimit-preserving functors from D(A)>¢
to C>¢. But by [Lurl8, Proposition C.3.2.1] this induces an equivalence

LFun"**(D(A),C) = LFun'™*(D(A)>0,C>0) -
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In particular, by [Lurl8 Remark C.5.4.11] the above lemma applies if we
take C to be the derived oco-category D(B) of a Grothendieck abelian category
B.

Notation A.3. Let A and C be as in Proposition [A22] We denote by
D: LFun®™(A4,C%) — LFun"*(D(A),C), G — D(G)
the inverse to the restriction functor.

In the following we investigate the properties of the functor D(G) if G: A —
CY is an exact and colimit-preserving functor. In the case where C is also a
derived oo-category, we show that D preserves adjoint functors and monadicity.
To that end we start by showing that D preserves conservativity of functors.
For that we need the following lemma.

Lemma A.4. Let A and C be as in Proposition and G: A — C° an ezact
and colimit-preserving functor. Then there is an equivalence 7, D(G) ~ G, of
functors D(A) — CY for each n.

Proof. We show the claim for n = 0. Then the lemma follows from
T, D(G) = X" "D(G) ~ mgD(G)E ™" ~ GmoX ™" ~ Gy,

where we used that D(G) is exact in the second equivalence.
Note that by the definition of the restriction functor of Proposition we have
G ~ myD(G)H. We show that there are equivalences

WoD(G)Hﬂ'O i> WoD(G)LgoTSO (i 7T()D(G) (5)

where the first map is given by the counit of the adjunction t>¢ - 7>¢ (note that
Hmy >~ 1>0T>0t<0T<0) and the second map is given by the unit of the adjunction
<0 - L<o-

To see that the first map is an equivalence consider the fiber sequence

HmyX = LZOTZOX - X - L§,17’S,1X
for X € D(A)<o. Applying D(G) we get another fiber sequence
D(G)H’R’()X — D(G)X — D(G)Lgfngle

where the last term is (—1)-truncated and the other terms are O-truncated be-
cause of the t-exactness of D(G). This shows that the induced map

7TOD(G)H7TOX — WQD(G)X

is an equivalence. Hence, also the first map of is an equivalence.
To check that the second map of is an equivalence we consider the fiber
sequence
L217'21Y —-Y - LSOTSQY
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for Y € D(A). Applying D(G) we get another fiber sequence whose first term
is 1-connective and whose last term is O-truncated. Hence, the unit of the
adjunction 7<g 4 t<o induces an equivalence moD(G)Y ~ myD(G)1<0Y. So,
also the second map of is an equivalence, which completes the proof. O

Using the above lemma we can conclude that D preserves conservativity of
functors. Note that if an co-category C carries a right and left separated t-
structure then a morphism f in C is an equivalence if and only if for every n,
the induced map m,(f) is an equivalence.

Corollary A.5. Let A and C be as in Proposition and G: A — CY an exact
and colimit-preserving functor that is conservative. Then the induced functor
D(G) is conservative.

Proof. Let f be a morphism in D(A) such that D(G)(f) is an equivalence. It
follows that for each n € Z the morphism 7, D(G)(f) is an equivalence. But by
Lemma this morphism is equivalent to the morphism G, (f). Using that
G is conservative we get that m,(f) is an equivalence for every n. Note that
the t-structure on D(A) is right complete by [Lurl7al Proposition 1.3.5.21(3)],
so in particular right separated by the dual of [Lurl7al Proposition 1.2.1.19].
Furthermore, it is left separated by [Lurl8 Remark C.5.4.11]. Thus, 7,(f)
being an equivalence already implies that f is an equivalence. O

We finish this section by showing that D preserves adjoints and monadicity.

Lemma A.6. Let A and B be Grothendieck abelian categories and L: A — B
and R: B — A be exact and colimit-preserving functors such that L is left
adjoint to R. Then D(L) is left adjoint to D(R).

Proof. We define the unit and counit as

up: idpay ~ D(ida) =% D(RL) ~ D(R)D(L)

and

¢p: D(L)D(R) ~ D(LR) 2% D(ids) ~ idps)
respectively, where u: id4 — RL and c¢: LR — idg denote the unit and counit
of the adjunction L 4 R. To check that they satisfy the triangle identities (which
is enough by [RV15, Remark 4.4.5]) consider the following diagram whose com-
mutativity can be checked on the heart by using the equivalence from Proposi-
tion

D(L) = D(L)D(R)D(L) = D(L)

- AN |

D(u) D(LR)D(L) =4 D(ids)D(L)
).

1

D(L)D(id4) — D(L)D(RL)

| N7

D(Lid4) D(LRL)

1

D(idg L

D(Lu) D(cL)



Note that the lower horizontal composition is equivalent to D(cL o Lu) which
is equivalent to the identity by a triangle identity for u and c¢. Thus, the top
horizontal composition in the diagram is equivalent to the identity. The other
triangle identity can be shown analogously. O

Remark A.7. One can also extend the functor D to a functor from the (2,2)-
category of Grothendieck abelian categories with colimit-preserving exact func-
tors to the (0o, 2)-category of stable co-categories with t-structure with colimit-
preserving t-exact functors. From this description the result of Lemmal[A.f is a
formal consequence.

Corollary A.8. Let A and B be Grothendieck abelian categories and L: A — B
and R: B — A be exact and colimit-preserving functors such that L is left
adjoint to R. Assume that R exhibits B as monadic over A. Then D(R) exhibits
D(B) as monadic over D(A).

Proof. Note that by Lemma the functor D(R) has a left adjoint. By the
oo-categorical Barr-Beck Theorem (cf. [Lurl7al Theorem 4.7.3.5]) it is enough
to show that D(R) is conservative, D(B) admits colimits (of D(R)-split simpli-
cial objects) and that D(R) preserves these colimits. Using the oo-categorical
Barr-Beck Theorem for R we get that R is conservative. Hence, D(R) is con-
servative by Corollary Moreover, the co-category D(B) admits all colimits
by [Lurl7al Proposition 1.3.5.21(1)], and D(R) preserves all colimits by defini-
tion. O
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